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I. INTRODUCTION
The one-band effective-mass approximation ͑EMA͒ has been widely used to predict optical and electronic properties of semiconductor nanostructures. 1 In the case of semiconductor clusters embedded in organic solvents or colloidal suspensions, however, the agreement of the calculated band gap with experiment turns out to be rather poor, especially for small cluster sizes. 2 This disagreement can be traced back to the fact that the EMA neglects ͑i͒ the nonparabolic energy dispersion of the band-edge states, and ͑ii͒ the coupling between different bulk states introduced by the lack of translational invariance.
To account for nonparabolicity effects within a singleband approach, Rama Krishna and Friesner [3] [4] [5] have recently used a band structure formalism, denoted here as single-band truncated-crystal ͑SBTC͒ approximation, in which the cluster energy levels are represented by those of an extended, periodic bulk solid, evaluated at special wave vectors k* satisfying the particle-in-a-box quantization rules. The mapping of the cluster energy levels onto the bulk band structure was first proposed in the 1970's ͑Refs. 6 and 7͒ in the tightbinding context. The novelty of the method proposed by Rama Krishna and Friesner consists of the use of empirical pseudopotentials to calculate the bulk band structure. A comparison between SBTC and EMA results for the direct band gap of GaAs spherical clusters ͑Fig. 1͒ demonstrates that ͑i͒ the EMA band gap is overestimated with respect to the SBTC band gap, and ͑ii͒ a remarkable feature of the SBTC results, i.e. the existence of ''quantum deconfinement'' ͑re-duction of gap as size is reduced͒ for small cluster sizes, 8 is absent in the EMA description.
While the SBTC method is relatively straightforward and computationally fast, the physical justification for the underlying single-band approximation is unclear, at least in the case of quantum wires and dots. In fact, while it has been shown 8 that in a two-dimensional ͑2D͒ quantum film the one-dimensional zero boundary conditions ͑vanishing wave function at zϭ0 and zϭL) can be approximately satisfied by expanding the film wave function in terms of bulk wave functions belonging to the same bulk band, this has never been proved for quantum wires or quantum dots, where one needs to match boundary conditions in two and three dimensions, respectively. Thus, although the single-band approximation becomes exact in the limit of very large clusters, interband coupling is expected to play a significant role in nanometer-size clusters.
A previous pseudopotential calculation for indirect-gap Si clusters 9 showed that the SBTC approximation severely underestimates the band gap, 10 e.g., by as much as ϳ 1 eV for a diameter of 15 Å. We report here on a systematic comparison of the SBTC approximation with a direct pseudopotential calculation for GaAs quantum films, wires, and dots ͑denoted in the following as quantum structures͒. We find that ͑i͒ the confinement energy of the valence-band maximum ͑VBM͒ is overestimated by the SBTC method, because of the zero-confinement character of this state; ͑ii͒ the confinement energy of the ⌫-derived conduction-band minimum ͑CBM͒ is slightly overestimated by the SBTC approxima-tion, mainly because of the assumption of infinite potential barriers at the boundaries; ͑iii͒ the confinement energy of the X-derived conduction state ͑indirect gap͒ is severely underestimated by SBTC; ͑iv͒ while the SBTC approximation predicts quantum deconfinement for the direct gap of thin GaAs quantum wires, such effect is not present in the direct pseudopotential calculation, and is therefore an artifact of the SBTC approximation.
II. METHODS

A. Direct diagonalization
In the direct diagonalization ͑DD͒ approach we solve for the single-particle Schrödinger equation ͑in atomic units͒:
where V QS ͑r͒ is the total pseudopotential of the quantum structure. V QS is described here by the sum of screened atomic pseudopotentials centered at the atomic positions R n :
For Ga and As atoms we use the nonrelativistic atomic pseudopotentials developed by Mäder and Zunger. 11 Using a plane-wave basis set with an energy cutoff E cut ϭ5 Ry, these pseudopotentials are carefully fitted to measured interband transition energies and effective masses of bulk GaAs, and to the work function of the ͑110͒ surface. In particular, the calculated direct band gap (⌫ 15v -⌫ 1c transition͒ is 1.52 eV, while the energies of the indirect ⌫ 15v -X 1c and ⌫ 15v -L 1c transitions are 2.00 and 1.81 eV, respectively. The dangling bonds at the surface of the quantum structure are passivated using hydrogenic pseudopotentials. In the case of ͑110͒ and ͑110͒ surfaces, each Ga or As atom has only one dangling bond, which is passivated by a hydrogen atom located along the direction of the dangling bond itself. In the case of the ͑001͒ surface ͑which we assume to be As terminated͒, each As atom has two dangling bonds, which are passivated by a pair of hydrogen atoms. To avoid interaction between the hydrogen atoms located along the ͓110͔ chains, we tilt each pair of hydrogen atoms around the ͓110͔ axis. The effect of this hydrogen-like potential is to remove the surface states from the band gap and to decouple the band-edge states from surfacelike states.
Since the quantum structures considered here contain hundreds, or even thousands, of atoms per unit cell, conventional diagonalization techniques are not practical for solving the eigenvalue problem. Instead, the band-edge states of the quantum structures are obtained using the folded spectrum method, 12 which searches for the ground state of the operator (Ĥ Ϫ⑀ ref ) 2 , where Ĥ ϭϪ1/2ٌ 2 ϩV QS is the pseudoHamiltonian of the quantum structure and ⑀ ref is an arbitrary reference energy. The ground state of this operator is the eigenstate of Ĥ closest in energy to the reference level ⑀ ref ; by choosing ⑀ ref in the band gap, one obtains the bandedge states of the quantum structure, with the same accuracy achieved in a conventional diagonalization of the Hamiltonian.
The hydrogen-passivated GaAs quantum structure is embedded in vacuum, and the quantum structure ϩ vacuum ''supercell'' is repeated periodically. The size of the vacuum region is increased until the effect of the spurious interaction between quantum structures on the energy levels becomes negligible. Using ͑artificial͒ periodic boundary conditions, the quantum structure wave function can be conveniently expanded in a plane wave basis set:
where the sum runs over the reciprocal lattice vectors of the supercell. The same energy cutoff (E cut ϭ5 Ry͒ used in Ref.
11 to generate the atomic pseudopotentials is adopted in the supercell calculation, in order to assure consistent band gaps in the limit of large quantum structures. The functional
2 ͉͘ is minimized with respect to the coefficients c(G) using a preconditioned conjugate-gradients algorithm. The matrix-by-vector product (Ĥ Ϫ⑀ ref )͉͘, which occurs in the calculation of the conjugate gradients, is efficiently performed using a double-space formalism: the kinetic energy part is calculated in reciprocal space, where the kinetic energy operator is diagonal, while the potential energy part is calculated in real space, where the potential energy operator is diagonal. Optimized fast Fourier transforms are used to switch from reciprocal space to real space and vice versa. Since only the band-edge states are explicitly calculated, the overall computational effort scales as O(N log N), where N is the number of atoms, as opposed to the N 3 scaling of conventional diagonalization techniques. 
B. Single-band truncated-crystal approximation
The same Ga and As atomic pseudopotentials used in the direct minimization procedure are applied to the calculation of the bulk band structure, in order to extract the quantum structure energy levels according to the SBTC scheme. Denoting by ⑀ n bulk (k) the energy dispersion 13 of the bulk band n, in the SBTC approximation one introduces an effective Hamiltonian H n SBTC by replacing the wave vector k with the operator Ϫi":
Note that the SBTC Hamiltonian reduces to the conventional effective-mass Hamiltonian when ⑀ n bulk (k) is parabolic. Thus, the non-parabolicity of the energy bands is fully included in the SBTC approximation. The Schrödinger equation for the SBTC Hamiltonian is solved assuming zero boundary conditions at the surface of the quantum structure. Therefore, the eigenfunctions of the SBTC hamiltonian coincide with the effective-mass envelope functions satisfying the same boundary conditions. The eigenvalues of the SBTC Hamiltonian, on the other hand, are given by the bulk energy levels calculated at selected k* points in the first Brillouin zone satisfying the particle-in-a-box quantization rules. For example, in the case of a rectangular quantum box of size
, where n 1 , n 2 , n 3 are nonzero integer quantum numbers.
The SBTC method is schematically illustrated in Fig. 2 , together with the conventional EMA, for a 2D quantum film. Two steps are involved in the practical implementation of the SBTC approximation: ͑i͒ a set of wave vectors k* is selected according to the particle-in-a-box quantization conditions; ͑ii͒ the energy levels of the quantum structure are approximated by the eigenvalues of the bulk solid calculated at these selected k* points. Note that in the SBTC method, as well as in the EMA, the zone center ⌫ point is always excluded from the set of k* points, thus providing an explanation for the band-gap increase in quantum structures relative to the bulk ͑see Fig. 2͒ .
III. RESULTS AND DISCUSSION
We will consider free-standing, isolated GaAs quantum films ͑2D͒, quantum wires ͑1D͒, and quantum dots ͑0D͒, comparing the results of the SBTC approximation to those obtained by direct diagonalization.
A. Quantum films
We start by considering a case where the single-band approximation is known 6, 8 to work well, namely a 2D free-
Schematic illustration of the conventional EMA ͑left column͒ and of the SBTC approximation ͑right column͒ for a 2D quantum film. The solid lines in the central part of the figure represent the bulk band structure in the direction perpendicular to the film orientation. According to the SBTC approximation, the film energy levels at the zone center are extracted from the bulk band structure calculated at selected k* wave vectors, denoted by diamond shapes on the abscissa. In the EMA, the film energy levels are obtained with the additional approximation of parabolic bulk bands ͑dashed lines͒. The shaded areas denote the forbidden gaps. Note that because of the parabolic approximation the band gap is larger in the EMA than in the SBTC approximation. The SBTC approximation is superior to the EMA as no parabolicity of the dispersion relation is assumed. FIG. 3 . ͑a͒ Band-edge energies and ͑b͒ band-gap energy of free-standing, hydrogen-passivated GaAs ͑110͒ quantum films as a function of the film thickness ͑in ML's͒, according to a direct pseudopotential calculation ͑solid lines͒ and to the SBTC approximation ͑dashed lines͒. The bulk band gap is denoted by the shaded area in part ͑a͒. The vertical arrow indicates the X→⌫ crossover of the conduction-band minimum.
standing GaAs quantum film oriented in the ͑110͒ plane. The set of k* points satisfying the particle-in-a-box quantization rule is given by
where L is the film thickness and l is a nonzero integer. According to the SBTC method, the film eigenvalues ⑀ i film are approximated by the bulk band energies calculated at these k* points. The band-edge energies at the zone center of the twodimensional Brillouin zone, calculated with the SBTC approximation and with the direct pseudopotential approach, are compared in Fig. 3͑a͒ as a function of the film thickness L ͑note that in the ͗110͘ directions 1 GaAs ML Ӎ 2.0 Å͒. In the ''exact'' pseudopotential calculation the VBM of the quantum film is a zero-confinement state, 8, 14 whose energy is almost independent of the film thickness L. The conductionband minimum originates from the X 1c valley for LϽ8 ML's, while it becomes a ⌫ 1c derived state for LϾ8 ML's; the X→⌫ crossover is evident in Fig. 3͑a͒ from the change of slope of the energy vs thickness curve. The SBTC approximation gives a good overall description of the nearedge states of GaAs quantum films, but fails to describe the zero-confinement nature of the VBM, and slightly overestimates the CBM confinement energy. Figure 3͑b͒ shows the band gap as a function of L. The SBTC band gap is overestimated typically by ϳ0.2 eV for LϽ15 ML's.
The X-derived and ⌫-derived conduction-band energies are shown in more detail in Fig. 4 as a function of the film thickness L. We see that the SBTC error in energy is larger for the ⌫-derived state than for the X-derived state. The X→⌫ crossover is clearly visible in this figure; it is predicted to occur at Lϳ8 ML's by the direct diagonalization method (Lϳ13 ML's for a GaAs/AlAs quantum well 15 ͒, and at Lϳ10 ML's by the SBTC approximation ͑see also Table I͒. Note that for 2D quantum films ͑both in the ''exact'' pseudopotential results and in the SBTC approximation͒ there is no quantum deconfinement in either the ⌫-derived state or the X-derived state: the energy of these states increases monotonically as the film thickness decreases.
B. Quantum wires
We now consider GaAs quantum wires with square cross section; the surface planes are oriented in the ͑110͒ and ͑110͒ directions, and the wires are periodic in the ͓001͔ direction. The k* points satisfying the particle-in-a-box quantization rules are
where L is the wire thickness in the ͓110͔ and ͓110͔ directions and l, m are nonvanishing integers.
The band-edge energies at the zone center of the onedimensional Brillouin zone, obtained using the direct diagonalization approach and the SBTC approximation, are compared in Fig. 5͑a͒ as a function of the wire size L. The VBM confinement energy is overestimated by the SBTC method, because the wave function retains a zero-confinement component. Furthermore, the CBM energy is significantly underestimated by the SBTC approximation. For LϽ14 ML's the CBM wave function derives from the X 1c valley; for wider wires the CBM becomes a ⌫ 1c -derived state, according to the direct pseudopotential calculation. The SBTC method, on the other hand, predicts the CBM to be X-like up to Lϳ20 ML's ͑see also Table I͒. The SBTC band gap ͓Fig. 5͑b͔͒ turns out to be in relatively good agreement with the direct diagonalization, because the errors in the VBM and CBM energies ͓Fig. 5͑a͔͒ tend to cancel.
The energies of the X-derived and ⌫-derived conduction-band states are shown in more detail in Fig. 6 as a function of the wire thickness L. According to the SBTC approximation, the energy of the direct (⌫-derived͒ conduction-band state shows a turnaround at Lϳ7 ML's ͑de-confinement effect͒. This effect is not present in the direct pseudopotential calculation. While the extent of the deconfinement effect depends on the details of the pseudopotential, our calculations demonstrate that in this case the turnaround is an artifact of the SBTC approximation.
The X→⌫ crossover of the CBM, which occurs at Lϳ14 ML's according to the direct pseudopotential calculation, is illustrated in Fig. 7 , where the CBM wave function   FIG. 4 . Energy of the X-derived and ⌫-derived conduction states of GaAs quantum films. The critical size for the occurrence of the X→⌫ transition, as obtained from the direct diagonalization and from the SBTC approximation, is denoted by a solid circle and a dashed circle, respectively. amplitude is plotted in the ͑110͒ ϫ ͑110͒ plane for L ϭ 13 ML's and L ϭ 15 ML's. The change of symmetry of the CBM wave function is evident in Fig. 7 .
C. Quantum dots
We finally consider GaAs quantum boxes with rectangular shape, elongated in the ͓001͔ direction. The surface planes are oriented in the ͑110͒, ͑110͒, and ͑001͒ directions. We have L 11 0 ϭL 110 ϭL and L 001 ϭͱ2L, and the k* points are given by
where l, m, n are nonvanishing integers.
The band-edge energies obtained using the SBTC approximation and the direct pseudopotential approach are compared in Fig. 8͑a͒ as a function of the dot size L. The complete pseudopotential calculation predicts an indirect (X-derived͒ conduction-band minimum in all the size range considered here. As the size increases, however, the CBM will eventually become a direct, ⌫-derived state. As in the case of quantum wires, we see that the VBM confinement energy is overestimated by SBTC, while the CBM confinement energy is significantly underestimated. Because of this cancellation, however, the SBTC gap ͓Fig. 8͑b͔͒ is in good agreement ͑at least for Lу5 ML's͒ with the direct pseudopotential calculation.
IV. IMPROVING THE SBTC APPROXIMATION
A. Extended SBTC approximation
The GaAs quantum structures considered here have an indirect (X 1c -derived͒ CBM at small sizes, because the lightmass ⌫ 1c -like state is pushed up by quantum-confinement effects faster than the heavier-mass X 1c -like state. The SBTC approximation severely underestimates the confinement energy of the X-derived CBM of small quantum wires and dots ͓Figs. 5͑a͒ and 8͑a͔͒. This is a consequence of the fact that the SBTC method picks up only one ͑or a few, if degenerate͒ k* point͑s͒ in the Brillouin zone as the CBM wave vector͑s͒; in general, this approximation is insufficient to satisfy zero boundary conditions in quantum wires and dots. This error can be partially corrected by introducing an ''extended'' single-band truncated-crystal ͑E-SBTC͒ approximation, where each conduction-band valley is treated independently from the others. This method was first discussed by Zhang, Yeh and Zunger 8 in the case of Si quantum films. Denoting by k 0 the wave vector of a particular valley 16 ͑e.g., ⌫ 1c , X 1c
x , X 1c y , X 1c z , etc.͒, in the E-SBTC approximation we ͑i͒ apply the particle-in-a-box quantization rules to the (kϪk 0 ) wave vector; ͑ii͒ calculate the quantized wave vectors k* corresponding to the lowest allowed particle-in-a-box indexes ͓e.g., k*ϭk 0 ϩ(Ϯ1/L 1 ,Ϯ1/L 2 ,Ϯ1/L 3 ) in the case of a rectangular quantum box͔; ͑iii͒ average over the bulk band energies calculated at these k* points ͑which are, in general, nondegenerate͒. The results of this approach, including the X 1c and ⌫ 1c conduction-band valleys, are shown in Fig. 9͑a͒ for quantum wires and in Fig. 9͑b͒ for quantum dots ͑dotted lines͒. Except for the extreme limit Lϭ3 ML's, the agreement with the direct diagonalization results is greatly improved over the SBTC method, and the error is comparable to the case of quantum films. Note that in the case of ͑110͒ quantum films ͑where only points along the ⌫ -X z line fold into the zone center͒ the SBTC and E-SBTC approximations give identical results for the zone-center band gap.
B. Finite-well SBTC approximation
In the standard SBTC approximation the set of particlein-a-box k* wave vectors is obtained assuming zero boundary conditions, corresponding to an infinite potential barrier outside the quantum structure. In reality, however, the potential barrier is finite, and it is related to the work function of the quantum structure. In the finite-well single-band truncated-crystal ͑FW-SBTC͒ approximation the finite potential well is taken into account in the quantization of the k* wave vectors. For example, in the case of ͑110͒ quantum films Eq. ͑5͒ is replaced, for each valley k 0 , by FIG. 8 . ͑a͒ Band-edge energies and ͑b͒ band-gap energy of free-standing GaAs ͑110͒ ϫ ͑110͒ ϫ ͑001͒ quantum boxes as a function of the box thickness ͑in ML's͒, according to a direct pseudopotential calculation ͑solid lines͒ and to the SBTC approximation ͑dashed lines͒. The bulk band gap is indicated by the shaded area in part ͑a͒. The band gap of the quantum box differs from the one shown in Fig. 1 
͑9͒
Here m 0 * is the effective mass of the valley k 0 in the ͓110͔ direction, and V 0 is the finite potential barrier ͑in atomic units͒. The former is obtained directly from our pseudopotential calculation for bulk GaAs, while the latter is obtained as the difference between the work function and the energy of the bulk k 0 valley, calculated with respect to the VBM.
Note that if V 0 →ϱ from Eq. ͑9͒ we obtain →/L, and the FW-SBTC approximation reduces to the E-SBTC approximation. The FW-SBTC approximation is illustrated in Fig. 10 in the case of GaAs ͑110͒ quantum films. The agreement with the ''exact'' pseudopotential results is slightly improved with respect to the standard SBTC approximation ͓compare with Fig. 3͑a͔͒ , especially for LϾ8 ML's. However, the FW-SBTC tends to overcorrect the error in the confinement energy of the CBM, which is now slightly underestimated.
